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On a Degenerate Zakharov System

F. Linares*, G. Ponce** and J-C. Saut

Abstract. We establish a local well-posedness result for an initial value problem
associated to a Zakharov system arising in the study of laser-plasma interactions. We
called this system degenerate due to the lack of dispersion presented in one of the spatial
variables. One of the key tools to obtain our results is the presence of appropriate global
versions of the so called “local smoothing effects” inherent to the dispersive character
of the model.
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1 Introduction

Consider the initial value problem (I'\VP) associated to the “degenerate” Zakharov
system

i(0, +9,)E+ A E=nE, (x,y,z2) €eR3 >0,

(07 — Apn = AL(EP),

{E(x,y,2,0) = Eo(x, y,2), (1.1)
n(x,y,z,0) =no(x,y,2),

an(x,y, z,0) =nix, y,2)

where A| = 85 + 83, E is a complex valued function and » is a real valued
function. )

The equation arises as a model in laser propagation when the paraxial approx-
imation is used and the effect of the group velocity is negligible, see [4], [5],
[7]. Note that the system is “degenerate” in the sense that there is no dispersive
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term in the space variable z in the first equation. Thus the existence results for
the classical Zakharov system, i.e. A, replaced by A, do not apply (see [7] and
references therein).

In [1] Colin and Colin derived an alternative model to (1.1) and posed the
question of the well-posedness of the IVP (1.1). No result seems to be available
so far. Our goal here is to give a positive answer to this question. We will
establish a local well-posedness theory for the 1VP (1.1) in a suitable function
space.

To describe our result we first reduce the IVP (1.1) into an I\VVP associated to
a single equation, that is,

i +3,)E+ A E=nE, (x,y,2) €R3 >0,

(1.2)
E(x,y,2,0) = Eo(x, , 2)
where
n(t) = N'(ng + N (HHny + / N(@E—1t) Al(|E(t’)|2) dt’, (1.3)
0

with
N f =AY sin((—Aa)Yn) f (1.9

and
N'(t)f = cos((—A)Y?1) f (1.5)

where (—A Y2 f = (62 + EDY2 ).
Then we consider the integral equivalent formulation of IVP (1.2), that is,
t
E(t) =E(t)Eg +/ E@t —tYN'(tHng + N (t)n)E(t) dt’

0
t t

+f f(t—t’)(/ N —s) AL(|E(S)|2)ds) E() dr.
0

0

(1.6)

where

E(t)Eo = (e " EHETE (&)Y, 1.7)
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To prove local well-posedness for the VP (1.2) we will explore the smoothing
effect associate to the operator £ (¢). We observe that the linear equation in (1.2)
is almost a linear Schrodinger equation but not quite due to the propagation on
the z-direction. However, we are able to prove similar smoothing effects for the
operator E(¢) as those of the Schrédinger propagator. We shall recall that the
homogeneous local smoothing effect which provides a gain of 1/2 derivatives
respect to the data was established by Constantin and Saut [2], Sjolin [6] and
Vega [8]. Its inhomogeneous version which gives a gain of 1 derivative was
proved by Kenig, Ponce and Vega [3]. Here we shall use a global version which
is more appropriate for the problems we are dealing with. In particular we will
show (see Proposition 2.1) that one has that

ID2E@) fllperz, < clfliz, (L.8)

and the same inequality with x and y exchanged. These estimates are one of the
key points in our analysis.

The use of this type of estimate and properties of the operators N (¢) and
N7(¢) will allow us to prove that an integral operator associated to (1.6) is a
contraction in a certain function space that we will define next.

The function space H2+1(R®) is defined as

HY T (R = {f € HYP(RY), DY?3" f, D29 f € L*(R®),

1.9
ol <2j +1, jeZ"} (19)

where 9% denotes any derivative in (x, y, z) of order «. Thus initial data will be
considered as being

EO = ﬁZj—HL(R?:)’

. . . 1.10
ng € H¥+Y(R®), ny € H¥ (R®), d,n, € H¥(R®), j € Z* . (1.10)

In what follows we will use 3%/*! to denote any derivative in (x, y, z) of order
less or equal than 2 + 1.
Now we are ready to give the statement of our main result.

Theorem 1.1. For initial data (Eg, ng, n1) in (1.10), j > 2, there exist T > 0
and a unique solution E of the integral equation (1.6) such that

E € C([0,T]: HY*Y(R®)) (1.11)
| DL/25%+1 Ellpop2, <00 (1.12)
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and
| D}/20%+ Ellpze2 < 00 (1.13)

Moreover, for T’ € (0, T), the map (Eq, no,n1) — E(t) from H2+t x
H?/*1 % H?/ into the class defined by (1.11)—(1.13) is Lipschitz.
Furthermore, from (1.11)—(1.13) one also has that

ne C(0,T]: HY(R?)). (1.14)

The proof of this local well-posedness result is based on the contraction prin-
ciple (in the space adapted to the system), which guarantees that the map data—
solution is Lipschitz, but since the nonlinearity is smooth the Implicit Function
Theorem shows that this map is in fact smooth.

This note is organized as follows. We will obtain a series of estimates regarding
the smoothing properties of the operator E(z), key in the present analysis, in
Section 2. In Section 3 we will establish some estimates involving the nonlinear
term that allow us to simplify the exposition of the proof of the main result.
Theorem 1.1 will be proved in Section 4.

2 Linear Estimates

In this section we study the smoothing properties of solutions of the associated
linear problems.
We begin with the solutions of the linear problem

@ +3.)E —iA E=0

(2.15)
E(x,y,z,0) = Eo(x, y,2)
where A = 9% + 83
The solution of the linear IVP (2.15) is given by

E(t)Eo = E(x, y,2,1) = (e TS Eye))Y. (2.16)

Proposition 2.1. The solution of the linear problem (2.15) satisfies
HDi/zf(t)fHL?L% <clfle, (2.17)

t
HD;/z / Lt —1)G(t)dr <clGlliz,. (2.18)
L?OL,ZV)'Z h
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ON A DEGENERATE ZAKHAROQOV SYSTEM 5

and

t

ax/ E(t—1t)G{)dt <cllGllpi2 - (2.19)
LOOLZ x—yzt

0 X vzt

The same estimates hold exchanging x and y. Here DY f = (|&|Y2F)".

Proof. We first prove (2.16). Denoting X = (x,y,2), § = (61,&2,83), X =
(v, z) and £ = (&, &) we have

|DYPE@) f| 2,2 = H / oXE || 2T EHEHD) e de (2.20)
e L2L2
Introducing the change of variables
(€1, 62, 6) = (6,5) > (=& — & — 6.8 = ()
or  ar or g7l
- 961 08 083 _ 1 -
d&dé =10 1 0 drdé = (2|&1|) "dr d&
0O 0 1
we obtain
1/2 iRE4rt) 18 (1/2 ixa/—r—E2—£3 77 E dr dé
| DFED ] 22 = [ e 1|2 eV TR Fr )
Xt s 2|&1] 1212

1 ~ -, -\ 1/2 -~
=c( | I feBPdrad)  =cliflz =cl i

|81
R3

This proves (2.17).

The inequality (2.18) follows using a duality argument.
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Next we show (2.19). A simple computation shows that

t

8x/ E(t—1t)G{)dt

0

— eix‘é;‘ eitr _ e—it(élz+522+§3) Sl a(g’ ‘L') dédl’
R[ ( )r+sf+s§+ss
. . ~ 2.21
- f e ol . 51 ——— G(&, 1) dédt 220)
T+ 51 + 52 + 53
R4
_/ oIXE it GF+E]+Es) 51 G, 1) dedr
T+ EF+ &
R4
=0 E1(X, 1) + 0, Eo(X, 1).
Then
19 Ex(x. )l 2 = f dwer 8 G by aedr
Xt T+§1+§3+§2 12
RA Xt
- f eiXEl 2 gl 2 a(slv 5, T) dél (2 22)
2 T+$1+E3+EZ ng '
= / K(x—x",E 1) 6(5”)()/, £,7)dx;
R LE,
where
51 £ (2.23)

Kx—x',E,1)= c/ ¢ )8 d
J THE+E+E

To obtain (2.19) it is enough to show that K € L>(R*). To prove this we
write

&1 &
THE+E +E& a+& (2.24)

and distinguish three cases:

(i) o > 0. Inthis case we have that K is just c(a) sign(&;)e—%:!, therefore it
is bounded.
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—

(i) « = 0. Itis clear that K = p.v. é__]:-L that is, the kernel of the Hilbert

transform which is bounded.

(iii) o < 0. Here we have that

&1 1 B 1
a+& 2(alM2—&)  2(lalf2+&)

(2.25)

Thus K is roughly a sum of translated of the Hilbert transform kernel.

Therefore K € L>®(R%).
Hence

sup 0. Exlig, < ¢ [ IGEV0) g
X T
R

=c / IGO2 dx1 = cGllzz -
R

On the other hand, we have that
0 Eo(x, 1) = DYPE(t)g(x)

where

TG 12
»g(g)(s) —c / sign(é1) 61| G, 1) dr.

THELHEL+ &

An easy computation shows that

e @]

1 A(T) e—itr
(p.v. > > ) = / > > dt
T+E +5 +& T+E +5 +&

—00

— csign(r) e TEE )
By (2.27) and (2.17) we obtain
1/2
sup(/ 19, Ex(x, %, t)|2d>'(dt>
X Rg

. 12
SCII/ sign(é1) |81 GE. ) el

T+E +E +&
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The identity (2.29) and Plancherel’s theorem imply then that

G d
s U

CH/ sign(&y)[&1]Y2 ~
J L2()

@]

. ~ V(&)
( / Sign(&y) & M2sign(n) e GO (¢, 1) i

—00

=c

(2.31)

L2(x)

=c

D2 / E(t)(sign(t)G (-, t))dt

—0o0

L2(R3)

So we can apply (2.18) in the last term of (2.31) to get the desired estimate. In
fact, defining £ (1) = ¢~'* and noticing that by (2.18) we obtain

t
E D):lc./zeitP f e—t,PG(t/) dt/
LYLg

L{oLg

t
H D2 / e "PG(t)dt
0 (2.32)

< <
= =c ||G||L§L§,

LLg

t
Di/Z f e_(t_[/)PG(t/) dt/

where in the first two inequalities we used that ¢’” is a unitary group in L?. We
have then that

HD;/Z / e"PG(t'ydr <clGlipiz. (2.33)
LZ(RS) x =Xt
Therefore (2.30), (2.31) and (2.33) give
2 1/2
Sup(f 19, E2(x, %, 1) d)‘(dt) <clGllez - (2.34)
X 23
Combining (2.26) and (2.34) inequality (2.19) follows. 0
Lemma 2.2.
IE@) Eollzzr, < ¢ (14T) [ Eollne@s)- (2.35)
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Proof. Since
t
f(xayvz7t)=f(xsyaz70)+/atf(x’y7zﬂs)ds? (236)
0

the Sobolev embedding gives

Sup |f(x:y’Z,f)|

te[0,T],y,z
T
Swphfahwaon+/WafuM%Lsnm} (2.37)
y,2 4
<SG ez + TI0F (6 iz e,
Now taking the L2-norm we get
1 lzrse, < G Ollzzmeme,) + T1/2||atf”LfTH2(R§Z). (2.38)

Taking f(x, y, z, t) = E(t) Ep and using equation (2.15) and group properties
we obtain (2.35). d

Next we establish some estimates associated to solutions of the linear problem
@ —-A)n=0

n(x, 0) = no(x) (2.39)
8{7’!()(:, 0) = n]_(.X),

where A, was defined in (1.1). The solution of problem (2.39) can be written
as

n(x,t) = N'(t)ng + N (t)n, (2.40)

where N (¢) and N (¢) where defined in (1.4) and (1.5).
In the next lemmas we list a series of useful estimates involving the operators
N'(t) and N (¢).

Lemma 2.3. For f € L?(R®) we have

IN@) fllz < 121 fll2, (2.41)
IN'@) fll2 < 1 fll2, (2.42)
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and
I=ADPN@O fllz < 1fl2- (2.43)
Lemma2.4.
||~'N/(f)"0||L§L§3T < llnoll p2w3) (2.44)
and
||-'N(f)n1||L§L;§T < T |In1ll p2(rs)- (2.45)

These estimates remain valid when x and y are exchanged.

Proof. Use of the Sobolev embedding and the definition of N/ (¢) yield
IN"Onoll 2re, < 1 €0S((—=A Y2 Dnoll 2rememe,) < llnoll w2es)-  (246)

Similarly we obtain (2.45). 0

3 Nonlinear Estimates
In this section we will find estimates for the nonlinear terms in our analysis.

Consider

E@t) =FE@ME, +/f(z —t"WEF)({)dt +/T(r —t)Y(EH)(t")dt' (3.47)
0 0

where
F(t) = N'(t)ng + N (t)n1 (3.48)
and
H(@) = / Nt —)AL(EP) () dt. (3.49)
0
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Lemma 3.1.
1H l2ese, < T2 IENT 0 yaces) (3.50)
and

2j+1 2j+1
19% Hllpz < T 1902 Ell ooz I1EllL2 L2
vz x Sy X" yzT (3 51)
+ T2 | ElD o o) |
L%CH2J+1(R3)’

where 8%/+1 denotes any derivative in (x, y, z) of order < 2 + 1. The estimates
also hold true when x and y are exchanged.

Proof. To prove (3.50) we use the Sobolev embedding and the properties of
the operator N (), i.e.

||H||L§L§>§T < cllH 2L news,)
t
2
<l [ = ONALEPia, dr iz
0
. (3.52)
2
5c||/<T—t’>||AL<|E| ez d 2
0
3/2 2 2 2
< cTPNALUEP 202 oz, < € TPNEN o e o)

To obtain the estimate (3.51) we use inequality (2.43) and Sobolev’s embedding
to yield

A

1057 Hll 2 < T 18,07 (EP) 2,

A

2j+1
2T 110:0% " Ell o2 1 Ell2Lce,

k 1
+T ) 1@ EVE).e,,
k+1<2j+1
k,1#£2j+1

2j+1 3/2 2
< T 100% El 2 NE N 212, + ¢ T¥2NE 22 osinges,:
O

We shall observe that the important terms to handle in the estimates below
are those nonlinear terms with highest derivatives. The other ones, where the
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derivatives are split and lower order derivatives arising in the nonlinear terms,
can generally be treated by interpolation between extreme cases.
Lemma 3.2. Let 3%/ be as above. Then
t
||32j+1/ E(t —t")(EH)(1') dt/”L?OLzyz

0
t

FIDY2 [ £ O EDE) sz, (359
x Fyz
0
=c T2||E||?L)<;0H2j+1(R3)

3/2 2j+1
+ T2 0,05 Ell gz 1E Nl 20, 1 Ell i

Proof. Group properties and Minkowski’s inequality give

t

g2+t / Et — Y EH) @) dr gz, < c 107 HEH) 2
0

< TNV Elligr, NHN iz, + ¢ TN E Nl 107 Hllpz

k 1
+e D NEVHIg,
k+1<2j+1
k,1#2j+1

<A1+ A+ Az

(3.54)

Theterm A, can be estimated by using Sobolev embedding to control || H s,
Thus “

A1 < cT? I Ell g meivirs) I E Nl pre o - (3.55)
To estimate A, we use (3.51) in Lemma 3.1 and the Sobolev lemma to obtain

3/2 2j+1
Ap < T 0, 0% El 2 I E N zie, 1E g o)
o (3.56)
+ cT ||E||LC%OH2j+l(]R3)-

Bull Braz Math Soc, Vol. 36, N. 1, 2005
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To bound A3 we use Holder’s inequality, the Sobolev lemma and Lemma 2.3.
Indeed, let us consider the case k +1 = 2j + 1 withk <.

k l k l
10°Ed" Hll a2 =< 10" Elleg, 10" Hll1a 2

1/2 !
<cT / ||E||L2;°Hk+2(R3)||3 H”L)z(va
2 ) ’ (3.57)
<cT ”E”LC}OH"“(R%”E”L%OHIH(Rs)

< ¢TIl poia o)
whenever 2j + 1 > 3. Thus
Az < T2||E||i%oH2j+l(R3), (3.58)
Onthe other hand, Minkowski’s inequality, group properties and the smoothing
effect (2.17) yield
t
||D}/232J'+1/ E(t = tWEH) ) dE || or2 < 107 HEH) 302 . (3.59)
x Hyz xXyz
0
Hence the previous argument can be applied to obtain the result. O

The next estimate is the most delicate one in our argument. Here the smoothing
effects obtained in Section 2 play an important role.

Lemma 3.3. With the notation in the previous lemma we have that

t
||Di/2321+1/ E@—t)YEH)({) dl‘/”L‘}oLﬁyZ

0
t

+ 9,02+ / E(t =t EH) @) dl || op2
X yz
0
< T2+ T E R a1 g (3.60)

+cTIElzL, (||8x321+1E||L;;oL§H IEll 222,
+ TPNEN s as)

+ T2 El2rs, | Ell g i es)
(”D)]c-/232j+1E“L$°L€ZT + ||8x32j+1E||LgoL€ZT).

A similar estimate follows exchanging x and y in (3.60).
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Proof. Wefirstuse Leibniz’s rule and then separate the highest order derivatives
and the lower order ones.

t
|DY2p%+ / E(t —)EH)(A) d 512,

0
t

< |IDy* / L(t— YOV EH + E9* ™ H) @) dr' | .2,
0 ' (3.61)

t

+ > DY / E(t — ) EY H) () dt |12,
k+=2j+1 3 -
ki#2j+1

=D;+ D,
The estimate (2.18) implies that

Dy < 0¥ E H + Ed¥ " Hll 11,2

yiid yiid (3.62)
<clo¥t EHll 2, +clED It Hlpaz,-
Using Lemma 3.1 we obtain
Dy < |8 Ell 2 I1Hlzr, + I Ellizpse, 192 Hllz
< ¢ T2 Ell sz 1 E N0 s s
(3.63)

2 2j+1
+ e TIEN 00 10:0%7 7 Ell o2,
3/2 2
+ T2 Ell iz 1E N7 oo ga)-

To show how to estimate D, let us take, for instance, thecase k +1 =25 + 1
with k < [. So, the Minkowski inequality and group properties yield

t
||D§/2/f(z — (Y@ ES H)(t) dt'ller2, < IDY*(O“E H) |3z - (3.64)
0

Using that

IDY?(f )iz, < cIDY? Fllia Ngls, + ¢ flles 1DY%gll2,  (3.65)
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we have that
IDY?( Ed"H)| 112
1/2 nk ' th1 k 1/2 4l (3'66)
< clID*9 Ells 18"H o llza + 8" Elle 1Dy%0" Hll 2 11
Let! # 2j. Using the Sobolev inequality and Lemma 2.3 we obtain
D20 Ell s 19" Hlla Nl < ¢ TY2NE | oo sz 19 H | 12 g1 ey
< ¢ T Ellpmese@ | ENlf o promsy  (3.67)
< ¢TI} o peiago)-
On the other hand, the Sobolev inequality, (3.65) and Lemma 2.3 imply that
1“Ellzsg I Dy20' Hlpz, Ny < e TV 10°Ells IDY20'H 2,
< cT?* | Ellgurro@s) |ENG ooy (3.68)
< ¢ T? | Ell7p poson ey
Let! = 2j. The Sobolev lemma and Lemma 3.1 imply that
HDY2EN e 18"H e, N3
< cTY2IDYPIE | Lo ey 19" H Il 2 pa )
< TN Ellgme@n 1077 H 2, (3.69)

3/2 2j+1
<cT¥ ||E||L;°H2i+1(R3)||ax3 ! E“Lg@L%zT ||E||L§L;§T

2 3
+c T ||E||L<;OH2]+1(R3)'

and
MO E e D20 Hll 2, Il 3
< ¢ TV2|OE | Lpne@s) IDY?0 Hll 2
< ¢ T Ell a1 DY *0% 8 (1 EP)l 2, (3.70)
< T2 Ellpmaee I DY 20 Ell jor2 1 Ell 21y,
+cT? ||E||i$H2_,+1(R3).
Thus

D, <c T3/2||E||L;°H2f+l(R3)||E||L;OL31T
(1D 20%  El o2 + 18,07 Ell 2 ) (3.72)

2 3
+ c T ||E||L<;OH2/'+1(R3)
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Hence combining (3.61), (3.63) and (3.71) it follows that
t
IDY/?9%* / E(t — Y EH)()dl |l 5012,,
0
< T A+ TY)Elgme@n 807 Ell ez 1Elizie,  (3.72)

+ T2 Ell oo 3 ) ||Di/2821+1E”L?°L§zT 1Bl 2y,
+cT¥?A+TY? + T)||E||L;°H3(R3)‘

Finally to estimate

t
18,92/ f E@ =)W EH)) Al |12,
J )
we first apply the Leibniz rule and split the highest derivative terms and lower

derivative terms as above. Then we use the smoothing effects (2.18) and (2.17)
to obtain

t

8,2+ f Tt — ) EH)(E)d |22,

0
t

< 119y / F(t —t)QYTEH + Ed¥ Y HY(t)dl' || )2 .
x “yz

0
t

+ Y IDYREm( / E(~1) DY@ B )W) dr Yl pz, BT
k+1<2j+1 0 '
k1#£2j+1

< cl9¥ ™ EH |1z + I EO Hllpyp2,

+e Y IDY? @ ES' HY () dr'll 3 12, -
k4+1<2j4+1

kI#£2j+1

From this point on the analysis is similar to the previous one. O
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Lemma 3.4. Let F be as in (3.48). Then
t
921 / E(t — WEF))dr | 212,
0
! (3.74)
| DY2g2i / E(t— ) EF)E)d |z,
0
=c T||E||L;°H21+1(R3)(||”0||H21+1(R3) +A+T7) ||nl||H2/(R3))
and
t
1Y% [ £ Y EROdr iz,

0
t

+ [|8,9% / E(t— ) EF) () dl'l 012,
0

(3.75)

1/2
<cT / ||E||L;OH21+1(R3) (||no||H2(R3) + T||”1||H2<R3))
1/2
+cTY IEll 222, (lnollw2ies) + T Inall i es))

+ T | EllL m2iis)y (ol g2+ ws) + A+ T)lIngll g2irs))-

Proof. By Minskowski’s inequality and group properties we have

t
la%+ / E(t —t)WEF) (1) dr' g, < | EF)l 32 . (3.76)
0
On the other hand, the inequality (2.17) and group properties imply that

t
| DY2g%i+ / E(t —t)WEF) () dt' |z, < |9 ™HEF) 13,2 - (377)
0

So to obtain (3.74) it is enough to estimate |92/ T (E F) 2312, - Firstwe have
that

2j+1 2j+1
102N EF) 2 e < T 102 E |z | Flise,
2j+1
+ T IE e, 109 F ez,

-+ lower order terms
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By Sobolev’s Lemma, (2.41) and (2.42) it follows that

||F||L§°;2T < I Flizrmere) = ¢ (Inollgzws) + Tlinillmzgs))-
Using (2.41), (2.42) and (1.10) we obtain

2j+1
0 i F||L°°L?

T =xyz

< ¢ (Ilnoll m2i+1 w3y + In1ll g2i(r3))-
Similarly, we can estimated the lower order terms. Thus
2j+1
185 (EF) 2.2,
< ¢ T [|Ellpge p2ivrs)Ulnoll m2iws) + T llnall m2i gs)) (3.78)
+ T | Ell L mz2@s) (lnoll meivi sy + 101l 2i ®s)-

This inequality combined with (3.76) and (3.77) gives (3.74).
To show (3.75) we proceed as in the proof of Lemma 3.3. We first use the
argument developed in (3.61) and (3.73) to obtain

t
IDy/29% f E(t —t)WEF) ) dl |12,

0
t

+ (19,02 / E@ =t WEF) ) dl |l p2
X yz
0
SN0V EF Iz, + IE9 F e,

+ Y IDYPQYEY )
kH<2j+1 '
k1#£2j4+1
Applying Lemma 2.4 we obtain
192 EF g2
)
<10 Ellz  I1Fleez, (3.79)
< ¢ T2 Ell e iy (1m0l meee) + T llnall w2 ez))-
From Lemma 2.3 it follows that

2i+1 2j+1
IEO* Fllgz, < NENzie, 1097 Fll 2
’ (3.80)
1/2
<cT / ||E||L§L§§T(||”0||H21+1(R3) + I|nl||H2j(R3))-
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Using the estimate (3.65), the Sobolev lemma and Lemma 2.4 we obtain
IDY2@ E F)llLs o < ¢ TV IIDY?8" Ell e i@ 19" F 1l 2 )

+e TR0 Elly I1DY%0'Fll 2,
) (3.81)
<cT ||E||L;0Hk+2(R3)(||"0||H2/'(1R3) + T”nl||H2j(R3))

+cT ||E||L;0Hk+2(R3)(||n0||H21+1(R3) + ||n1”H2-/(R3))-

Therefore,

t
1Y% [ = O EDE i,
0

t
+ 10,927 / Tt — )W EF)(t)dr'|| 22,
0

< T2+ TV E |l ooy (IInoll i es) + (L + T llnall g2 es))
2
+ e T E Nz, (Imoll poiaes) + Inall 2 s ) O

In the next lemma the restriction j > 2 in the statement of Theorem 1.1 arises.

Lemma 3.5.

H/ E@t—t"(EF+ EH)({)dt
0

L§L§§T
(3.82)
< c(L+ DTNE| e ms@s) (IInoll mas) + Tlinall goes))
+ @+ DT NEN s oz, + 1E N7 roas) 1 Ellige s ws)-

The same estimate holds with x and y exchanged.
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Proof. Applying group properties and Lemma 2.2 it follows that

H/ F(t—t)YEF+EH))drt
0

L%L;’,‘Z’T
T
+ / @+ ) (IEC)VF @)l wes) + 1ECVHE) s di’ (3.83)
0
<cQ+ D Eollnawrs)
+c A+ DUEOFE) 1 pasy + IEC)VHE) 11 sy}
=cA+ D Eollusws) + ¢ (1 + T){B1 + B>}
One has that
By < TI0*EM) ez, 1 H ez, + T2 Ellis  10°H 2,
+ low order terms.
Using (2.43) and Sobolev’s inequality we get
1H 1, < clHlpme@s < c TIEIPLY HY(RY).
Applying (2.43) yields that
19*H 2, < e T IEN 0 ysga)-
The lower order terms can be estimated using the Sobolev lemma and (2.43)
as above. Hence

Bz < cT?||Ell s yors) + € TP Ell e 2 | E N7 o ysas)- (3.84)
On the other hand,
B, < CT||E||L;°H4(R3)||F||L§°NT + CT1/2||E||L§°W||F||L2TH4(R3)
+ lower order terms.
By (2.41) and (2.42) it follows that
IFlleee., < clnollmzws) + Tlinill mzmws))

xyzT —

and
IFl 2 praeay < ¢ T2 (Inoll yarsy + T llnall gas))-
A similar argument can be used to estimate the lower order terms. Hence
By <cT ||E||L;°H4(R3)(||"0||H4(R3) + Tlnall gaws))- (3.85)
Combining (3.83), (3.84) and (3.85) the result follows. O
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4  Proof of Theorem 1.1.

We define
Xor ={E € C([0,T]: H¥'®R) : | Ellr < a) (4.86)
where
NEN := I Ell 0 prziire)
+ IDY?0%  E| o2 + 1DY20 T E | pop2,
D20 E g2 A 1007 E o2, (4.87)

+ 1 Ellzre, +1El2ez,
1/252j+1 2j+1
+ D20 E o2 A 10,05 Ell o2,

and the integral operator on X, 7,

t

V(E)®) =FE@)Ey + / E(@t —1t)E@)YN'(t)ng + N (t')ny)

0
+f f(t—t’)E(t’)(/ .’N(t’—s)AL(|E|2)(s)ds> dr’ (4.88)
0 0
=F@)E +/f(t — ) (EF)({) + /f(t —(EH)(tdt'.
0 0

We will show that for appropriate a and T' the operator W(-) defines a contrac-
tionon X, 7.
From Proposition 2.15, Lemmas 3.2, 3.4 and 3.5 we deduce that

W ()l moiaey + 1 DY 20% W (E) | e 2,
< cllEoll sy + ¢ T2+ TY9) J EJP (4.89)
+ e TNEN Ulnoll g1y + (L + T)lina |z es))-

On the other hand, Proposition 2.15, Lemmas 3.3, 3.4 and 3.5 yield the fol-
lowing inequality

||8x82j+1‘1’(E)||L30L52T + ||Di/232/'+1‘11(E)||L%°L§ﬂ
< c|IDY?3% T Eg|| 2 gs)
+ T2+ TV EN(Inoll goivaes) + L+ D linall pzses)
FeT QA+ T2+ T + T E|P.

(4.90)
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Similarly, we obtain estimates for

IDY20%7 W (E) | sz,
and (4.91)
1Dy 205 N (E) ez, + 18,07 W (E) | o2,

Finally, from Lemmas 2.2 and 3.5 it follows that

I 2, + W es2, < € (L T) 1| Eoll ey

+c L+ DTNEN(Inoll garsy + T llnell gars)) (4.92)
+cQ+ DT E|C.

Hence, choosing a = 2¢(1+T)|| Eo|| 52;+1 and T sufficiently small depending
on |lngll gzir1 w3y, 171l g2i w3y and [|0.n1 | y2iws), We see that W maps X, 7 into
X,.r. To show that W is a contraction we follow a similar argument as the one
described above. The remainder of the proof uses a standard procedure so we
will omit it. This completes the proof of Theorem 1.1.

Remark 4.1. The smoothness requirement on the data in Theorem 1.1 could
probably be weakened. Note however that since no conservation law (energy),
except the conservation of the L2 norm of E, seems to be available for (1.1),
such a weakening would not obviously lead to global existence of solutions.
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